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Chapter 2:
Shell Momentum Balances and Velocity Distributions in Laminar Flow

Introduction:

In this chapter show how to obtain the viscosity profiles for laminar flows in simple
systems. We use the definition of viscosity, the expressions for the molecular and convective
momentum fluxes, and the concept of a momentum balance. To obtain interest as quantities
such as the maximum velocity, the average velocity, or the shear stress at a surface. The methods
and problems in this chapter apply only to steady flow with Laminar flow. By steady we mean
that the pressure, density, and velocity components at each point in the stream do not change with
time. Laminar flow is the orderly flow that is observed, for example, in tube flow at velocities
sufficiently low that tiny particles injected into the tube move along in a thin line. This is in sharp
contrast with the wildly chaotic "turbulent flow" at sufficiently high velocities that the particles are

flung apart and dispersed throughout the entire cross section of the tube.
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2.1 SHELL MOMENTUM BALANCES AND BOUNDARY CONDITIONS

Momentum balance for steady flow:

Rate of momentum Rate of momentum
by convective [In — Out] + by molecular [In — Out]
transport transport

{Force of gravity} ~ 0
acting on system)

e This statement has a relation with the law of conservation of momentum. In the momentum
balance we need the expressions for the convective momentum fluxes given in Table 1.7-1 and
the molecular momentum fluxes given in Table 1.2-1. Is important that the molecular

momentum flux includes both the pressure and the viscous contributions.

® The momentum balance is applied only to systems in which there is just one velocity
component in this chapter, but it can be applied to system in which has more than one velocity

component, which depends on only one spatial variable, also the flow must be rectilinear.

The steps for setting up and solving viscous problems are:

1. Identify the nonvanishing velocity component and the spatial variable on which it depends.

2. Apply the momentum balance over a thin shell perpendicular to the relevant spatial
variable.

3. Find the limit when the thickness of the shell approach zero and make use of the definition

of the first derivative to obtain the corresponding differential equation for the momentum

flux.

Then integrate this equation to get the momentum-flux distribution.

Insert Newton's law of viscosity and obtain a differential equation for the velocity.

Integrate this equation to get the velocity distribution.

N o v &

Use the velocity distribution to get other quantities, such as the maximum velocity, average

velocity, or force on solid surfaces.



These steps mentioned some integration, several constants of integration appear, and these
are evaluated by using boundary conditions that is statements about the velocity or stress
at the boundaries of the system. The most commonly used boundary conditions are as

follows:

A. At solid-fluid interfaces the fluid velocity equals the velocity with which the solid
surface is moving. This statement is applied to both the tangential and the normal
component of the velocity vector. The equality of the tangential components is referred

to as the "no-slip condition”.

B. Atliquid-liquid interfacial plane of constant x, the tangential velocity components V,
and V, are continuous through the interface (the "no-slip condition") as are also the

molecular stress-tensor components p + Bl By, and B,.

C. Ata liquid-gas interfacial plane of constant x, the stress-tensor components B, and B,
are taken to be zero, provided that the gas-side velocity gradient is not too large. This is

logical, since the viscosities of gases are much less than those of liquids.

In all of these boundary conditions it is supposed that there is no material passing through
the interface that is, there is no adsorption, absorption, dissolution, evaporation, melting, or

chemical reaction at the surface between the two phases.



2.2 FLOW OF A FALLING FILM

e This example show a flow of a liquid an inclined flat plate of length L and width W, as shown
in the Figure. We consider the viscosity and density of the fluid to be constant. A complete
description of the liquid flow is difficult because of the disturbances at the edges of the

system (z=0,z=L, y=0,y =W).

Entrance disturbance
\

\.._‘___:
Y

Direction of
gravity

e A description can often be obtained by neglecting such disturbances, particularly if W and L
are large compared to the film thickness 6.

e For small flow rates we expect that the viscous forces will prevent continued acceleration of
the liquid down the wall, so that V, will become independent of z in a short distance down
the plate.

e Asaresult it seems reasonable to postulate that V, = V,(x), V, =0 and V, =0 and further that
p =p(x). The nonvanishing components of Blare then B, = 8, = -u (dV,/dx).

e Select as the "system" a thin shell perpendicular to the x direction. Then we set up a z-
momentum balance over this shell, which is a region of thickness Ax, bounded by the planes

z=0and z=L, and extending a distance W in the y direction.

e Using the components of the "combined momentum-flux tensor" ¢ defined in tables 1.7-1

to 3, we can incorporate all the potential mechanisms for momentum transport at once:



e Using the quantities ¢,, and ¢,, we account for the z-momentum transport by all
mechanisms, convective and molecular.

Rate of z-momentum in across surface at z=0 (W Ax)d,, /-0
Rate of z-momentum out across surface at z=L (W Ax)d,, /51
Rate of z-momentum in across surface at x (LW)( byz) /x
Rate of z-momentum out across surface x + Ax (LW)( byz) /xrax
Gravity force acting on fluid in the z direction (LW Ax)(pgcos6B)

e The "in" and "out" directions in the direction of the positive x- and z-axes (in this problem
these happen to coincide with the directions of z-momentum transport).

When these terms are substituted into the z-momentum balance, we get:

LW(Py.Bly - DroBlisax) + W AX(,2,-0 - b2,-1) + (LWAX)(pgcosB) = 0

y= W~ ~ Direction of
z=1L gravity

v In this figure Ax is the thickness over which a z-momentum balance is made. Arrows show
the momentum fluxes related with the surfaces of the shell. Since V, and V, are both zero,
pV,V,and pV,V, are zero. V, does not depend on y and z B, = 0 and [, = 0. Also the dashed-
underlined fluxes do not need to be considered. Both p and pV,V, are the same atz=0and z

=L, and as a result do not appear in the balance of z-momentum.



Shell momentum balance of a fluid in a falling film:

l. Assumption
1. L>>>W
2. L>>>6
3. Length=1z
Width =y

Thickness = x
Flow in direction z

Il. Momentum flux tensor, ¢

= o= PUUL 4+ T
Gz Uz + Ty Pz Poxte T Txz,

¢.. = pv;

v, +(p+1..)

Pjj = Tj T PViVj

""""""" N ,JL’ x
- ‘,Xi'ﬂ'( . .
3% 1= coordinate
PN Ax
Sy j = flux direction
Z:=
y=0""
/‘/’\'\ * f
T ~ Direction o
y=W Sz=1 gravity
q)ij = TG + pViVJ'
q)zz =T+ PV, =T P + PV, 6=1 , i =j
DOy, = Ty, + PVyV; 6=0 ,i#j
q)yzznyz+pVsz 6=0 ,i#]j
I, Velocity and components
(Note: V, does not cancel)
V, = direction of flux > V,(z)=0
Vy=0 V,(x) # 0 dependence of V, in Ax
Vy =0 VZ(Y) =0
p=p(x)

Momentum Balance



In Out
Z /=0 Z=1
WAXd)ZZ |z=0 WAXd)zz |z=L
X X=x X=x + Ax
I-Wd)xz | X=X I-Wd)xz | X=X + AX
Y Y=0 Y=W
LAX dyz | y=0 LAX dyz | y=w

Force of gravity : (LWAX) pg cos B

V. Balance Substitution

WAX [¢)zz Iz:O - d)zz |z=L] + LW[d)xz |x=x - d)xz |X:X+\AX] + LAx [d)yz I y=0 'ﬁyz I y:W] + (LWAX) Pg Cos B =
0

®in = bout
Velocity does not depend of y
Dy =T+ p +PVaVsy
Oyz = Tz + PVV2

Dy, =Ty, + pYyV,

LWAx[cbZZlZO d)zzlz L] LW Ax [d)lexx d)lex x+Ax] LWAx[cbyZlyO d)yzlyW] LW Ax ngOSB
=0
[$zz |z=0 — dzz |z=L] + [dxz |[x=X — pxZ |x= X + AX] + pg cos B -0
L Ax
N J
Y

z does not vary




[dxz |[x=X — $xZ |x= X + AX]

limyy 50 . =-pgcos P
ddxz
—, —PgcosP
Differential Equation of Momentum
O =-p2>

0Txz __
5, — Pgcos B

Separable Integration:
T = (pg cosP) x+ Cy
e Boundary conditions:
Ty (x=0) =0

x2 = 0=(pg cosP) *0 + C;

T = ( pg cosP ) x

av
T = - =~ = (pg cosp) x

- cos
—ZPICOSE 2

U-VZ + CZ

e Boundary Conditions:
Vz (x=6)=0

Vz=0= ZPIOSE (82 4,
2u



C,= pg;:Sﬁ (62)

Vz = —Pgcosp (X2 - 82
2u

_ PgcosB co 2 8%
= 2u (6 _X)((Sz)

_ 82%pgcosp _ﬁ
Vz——Z“ (1 62)

VI. Velocity and Stress Profile
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1 w 1 w dU;
R[] adeotyz= | (’#H

- (LW)(fm(—"gs :f’sﬂ ) = pSLW cos B

)dy dz
5,

e Thickness:

5__\/3#(:5) _ [ s

pgcosf \ijng cos B
e Mass rate:

peWe” cos B

W ok
= v.dxdy = pWo(v.) =
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e Maximum Velocity:

_ pgdicosf
===

z.max



2.3 FLOW THROUGH A CIRCULAR TUBE

When analyzing laminar flow through a circular pipe, cylindrical coordinates are used. Let’s
consider this example. A liquid flowing downward under the influence of a pressure difference
and gravity through a vertical tube of length L and radius R. So, you must take into
consideration the following assumptions:

-Steady State

-Laminar Flow

-constant density, p

-constant viscosity, |

-No “End Effects” (tube length is very large with respect to the tube radius, so that these “end
effects” will be unimportant = L>>R)

hyo| .- g = flux
of z-momentum
inatz=10

I r
2 R
| d’r:l r+ Ar= flux
i f of z-momentum
¥ e,.|, = flux of out at ¥ + A¥
) Z-momentum
inatr
: £ Tube wall
L : 5
‘ Shell of
B thickness
AF over
R +— which —
. 4 momentum
| A balance
: is made
s- |
D e

r I T T -
@ |y - g = flux
of z-momentum
outatz =L



Postulates: (Look at the coordinate system in the diagram)

o V,=V,(r)
e V=0

o V=0

o V,(z)=0
o V,(8)=0
o V,(r)#0
* p=p(z)

From these terms when you go to Table B.1/Appendix B on your BSL book (pg. 844) the
nonvanishing components of T are t,;and T, because of the postulates shown above.

When making a momentum balance, you first need to look at where the momentum is
generated when the fluid is flowing downward. Momentum is generated in z and r directions
as seen in the coordinate system below and we can put this coordinate system in half of our
cylinder to analyze it.

The quantities of ¢,, and ¢,., account for the

momentum transport by all possible mechanisms, convective and molecular. As for the values
of those @ momentums, and you’re not sure how to evaluate them, Table 1.2-1 (pg. 17), Table
1.7-1(pg. 35) and equation 1.7-2 (pg.36) can help. Remember you will eventually need these
values when making shell balances. Therefore if we have,

@ij = Tij + priv;



Then,

Pzz = Tzy + PVV, =P + Ty + UV,

Prz = Ty + PVV, = Ty + POV,

Ok, so back to our momentum balance. We select our system as a cylindrial shell of thickness
Ar and length L. We evaluate the momentum in and out of this shell and we can then list the

contributions:

Directions In Out
R r=r 2>  2nrL@,,| - r=1r+4+Ar> 20rLQ,;|r=riar
Z 2=0-2> 2nrAr@,,|,-o =L 2nrAre,,|,-;
o No rate of momentum in this No rate of momentum in this
direction direction

Gravity force acting in z direction on cylindrical shell> (2rnrArL)pg

* Note that those “in” and “out” are in the positive direction of the r and z-axes.

We now make our momentum balance based on equation 2.1-1 (pg. 41) from your BSL book:

zan[QDrZ|r=r - (przlr=r+Ar] + 271'7‘Ar[¢zz|z=0 - Qazzlz:L] + (27TrArL)pg =0

We then divide this equation by 2mArL to get:

r[(prz |r=r — Qrz |r=r+Ar]

r[(pzz |z=0 — P2z |z=L]

Ar

The same as,

r[(prz|r=r+Ar — (przlr=r] _

* L

r[(pzz |z=0 — Pz |z=L]

Ar N

- +7pg

+1rpg =0

By taking the limit of the equation on the left side when r=>0, we get:

lim

r[(prz|r=r+Ar - (prz|r=r] — r[(pzz|z=0 - (pzz|z=L]

Ar

r—0

T +71pg




And by definition,

1i r[(prz|r=r+Ar B (prz|r=r] _ a(r(prz)
1m =
r—0 Ar ar

Therefore,

a(r(prz) — r([(pzz|z=0 - (pzz|z=L]
or L

+pg)

Now we evaluate the components ¢,, and ¢,., with the values in Appendix B.1 :

v,

Qzz =Dt Tz + pVV, Ty, = —U[2 * E]
— * . _ _ 0y v,

Oryz = Try + pUyrv, (*Remember: Vr=0) Tpy = [E ?]

By substituting these values in ¢,, and ¢,.,:
v,
Pzz =D — Zﬂ[g] + pv,v,

(pTZ = TT'Z

We now have the following simplifications:

1) Because we have Vz=Vz(r), the term pv,v, will be the same at both ends of the tube.
PV V| z=0 = PV V,|5=1
2) Because we have Vz=Vz(r), the term —Z,u[%] will be the same at both ends of the

tube.

av, av,
R 1 s [

So now our equations turns into:

d(;rrrz) _ <[—2#[%]+p(Z=O)+pUzUz];[_2#[%]"'17(2:0)"'.0”2”2] n pg)r

d(rt,,) _ ([p(z =0)—p(z=1)]

I L + pg)r



With these pressure differences, we can now use modified pressures. Let’s take a look at the
diagram first:

p(z =0) =py + pghl,—o =Py  where P is the modified pressure
p(z=L) =p,+pghl,=, = P,

d(rt,,) ([Po —pg(z=0)]—[p, — pglL]
dr L

+ pg)r

d(r":rz) _ ([PO - PL]

dr L T

By using separable equations and integrating:

rd(t) = S Hrdr > r[d(n,) = (07 [rdr

_ (Po—PL o
TTZ_( 2L )r+7



To look for the value of constant C;, we use certain boundary conditions to simplify our
problem. Let’s look at the following diagram, where we can watch the velocity profile:

v.=0
\J Parabolic velocity
distribution v.(r)

Linear momentum-

: | “ fiux distribution
rl"_' fr}
_@Py - PR | \

'Tr:,rrﬂx_ 2]

Boundary Condition 1:
e Whenr=0, 7,,=0
Therefore, C1=0 and by substituting 7,.,with Newton’s Law of Viscosity (obtained from Apendix

d .
B.2) 7,, = —% we obtain:

dv, (PO — PL)
dr

-\ T2u

Integrating this first order differential equation we obtain:

P,—P,
V2 = _( 4l )r2+62

This new constant C; is evaluated from the boundary condition
B.C. 2: atr=R, v, =0

Then, from this C, is found to be: (P, — P,)R?/4uL. Hence, the velocity distribution is:

v, =

(P, — P,)R? [1 _ (r)z]

4ul R

We see that the velocity distribution for laminar, incompressible flow of a Newtonian fluid in a
long tube is parabolic.



Once the velocity profile has been established, various derived quantities can be obtained:

(i) The maximum velocity v, 4, occurs atr =0 and is:

(Py — P,)R?
Uz max = T

(ii) The average velocity is (v,) is obtained by dividing the total volumetric flow rate by the
cross-sectional area

21 (R
fonfo v,rdrdf  (Py—P)R* _ lv

(v,) = =
[ [frdrde 8ulL 2 ome

(iii) The mass rate flow w is the product of the cross sectional area TR?, the density p, and
the average velocity (v,)
(P — P,)R*p
w =
8ulL

This rather famous result is called the Hagen-Poiseuille equation. It is used, along with
experimental data for the rate of flow and the modified pressure difference, to
determine the viscosity of fluids (see Example 2.3-1) in a “capillary viscometer.”

(iv) The z-component of the force F,, of the Fluid on the wetted surface of the pipe is just
the shear stress t,., integrated over the wetted area

dv
F, = @rRL) (1“2 ) Iy = nR*(Py — P,)

= nR*(py — pL) + mR*Lpg

The result states that the viscous force F, is counterbalanced by the net pressure force
and the gravitational force.

e The results of this section are only as good as the postulates introduced at the beginning
of the section, namely that v, = v,(r) and p = p(z).

e Experiments have shown that these postulates are in fact realized for Reynolds numbers
up to 2100; above that value, the flow will be turbulent if there are any appreciable
disturbances in the system, that is, wall roughness or vibrations.



e For circular tubes the Reynolds number is defined by Re = D(v,) p/u , where D=2R is
the tube diameter.

We now summarize all the assumptions that were made in obtaining the Hagen-Poiseuille
equation.

(a) The flow is laminar (Re < 2100)

(b) Density is constant (“incompressible flow”)

(c) The flow is “steady” (i.e. does not change with time)

(d) The fluid is Newtonian

(e) End effects are neglected. Actually an “entrance length,” after the tube entrance of
the order of L.=0.035D Re, is needed for the buildup of the parabolic profiles. If the
section of the pipe of interest includes the entrance region, a correction must be
applied. The fractional correction in the pressure difference or mass rate of flow
never exceeds L./L if L>Le.

(f) The fluid behaves as a continuum, this assumption is valid, except for very dilute
gases or very narrow capillary tubes, in which the molecular mean free path is
comparable to the tube diameter (the “slip flow region”) or much greater than the
tube diameter (the “Kundsen flow” or “free molecule flow” regime).

(g) There is no slip at the wall, so that B.C. 2 is valid; this is an excellent assumption fot
pure fluids under the conditions assumed in (f).



2.4 FLUJO A TRAVES DE UN ANULO

Caso particular en coordenadas cilindricas de un fluido viscoso a través de un anulo. Un
fluido incomprensible fluye en estado estacionario a través de la region comprendida
entre dos cilindros circulares coaxiales de radios kR y R.

Digtribuciém de
velocidad

istribucidn del esfuerzo

corfante © densidod de
ﬂui-p de cantidad de

maovimientos

Comenzamos efectuando un balance de cantidad de movimiento sobre una fina
envoltura cilindrica, y se llega a la misma ecuacion diferencial que se ha obtenido
anteriormente para el flujo en un tubo

d (P — P,

dr L
Téngase en cuenta que para este problema P= p + pgz, puesto que las fuerzas de presién
y gravedad actlan en direcciones opuestas. Esta ecuacidn diferencial se integra, para
obtener

_ -@n—-‘?r,) G
Trs ( 2L rfr

La constante Cl1 no puede determinarse de forma inmediata, puesto que no,



disponemos de informacion acerca de la densidad de flujo, de cantidad de movimiento
en ninguna de las dos superficies r=kR o r=R. Lo mas que podemos decir es que ha de
existir un maximo de la curva de velocidad en un cierto plano (hasta ahora desconocido)
r=AR, para el cual la densidad de flujo de cantidad de movimiento ha de ser cero.

~% — %) (AR?2L

Teniendo esto en cuenta, puede substituirse C1 por , conlo

gue la ecuacidn anterior se transforma en

m O 20 (]

Noétese que A es todavia una constante de integracion desconocida. La Unica razén de
haber substituido C1 por A es que conocemos el significado fisico de A. Substituyendo en

la ecuacidn anterior la ley de la viscosidad de Newton Trs = -u(dv Mr) se obtiene esta

ecuacion diferencial:
ot - Qo2 (1) 2(%)]

Integrando con respecto ar:

== QPR () 2 () + )

Ahora pueden evaluarse las dos constantes de integracion A y C2, utilizando las dos
siguientes condiciones limite:

CL1: para r=kR v,=0

CL2: para r=R v,=0

Substituyendo estas condiciones limites en la ecuacidn anterior se obtienen estas dos
ecuaciones simultaneas

_(Pym PR

2 o 2% + C
0= 4L (* = 2% In k * Cy)
(Po— PR
O we — 2~ & (1% C
= W vV

Se resuelve y se encuentra

4
Cp=—1 ptmlm®

In (1/x)



Substituyendo estos valores en las ecuaciones anteriores se obtienen, respectivamente,
la distribucion de densidad de flujo de cantidad de movimiento y la distribucién de
velocidad, para el flujo incompresible en estado estacionario a través do dos tubos
concéntricos son:

m- B2 - G (]

o= Q2O - (5 ()= ()]




2.5 FLUJO DE DOS LIQUIDOS IMMISIBLES ADYACENTES

Situacion de la interfase de dos liquidos, estos fluyen en direccidn del eje de z con una longitud
Ly un ancho W, este flujo bajo un gradiente de presion horizontal expresado como (p0-p)/L. el
flujo de estos es ajustado de manera que se dividan por sus densidades. El flujo deba ser lo
suficientemente lento para que no presenten inestabilidad en la interfase de estos, esto para
encontrar el flujo de momentum y la velocidad de distribucidn.

Ecuacion diferencial para flujo de momentun

dez — Po — PL

dx L

Al integral la ecuacidn anterior se obtiene

T = (____Po - pL)x + Ci

L
1 _ (Po— PL 1
pe(Br2)ee
- [, n’
Velocity = (Po—pUb 1 i+ S,ur.11 |
distribution 2L | plept N

LA TR T S A W S A T A M A AT A TS

less viscous |

m _ _fluid _ 9 Plane of zero shear stress _

X
l Interface —, J/é
z i
. More dense,
7 more viscous
fluid

A S L A e D s SO P A P N OO P S T S

__ (po=pub [3ul+ u”]

o L ,‘P- e R A R L T T -_‘__‘_i
Shear stress

or momentum-

J flux distribution

N

*z 2L L .'-'-I + .l-'-"

Dos flujos immisibles entre dos places paralelas don aplicacidon de un gradiente de presién

Haciendo uso inmediato de Boundary conditions, donde el fluido de momentun es continuo de
la interfase liquido - liquido



Toe . Th

Xz

B.C.1: atx=0,

Las CI y Ci'  seran la constantes de la integra, estas igual a G

La sustituir la leu de viscosidad de newton’s, en Fig. 2.5-2 y 2.5-3 obtenemos

d[ —_
_ur?;_)iz(u)erQ

—un €22 _ (P PL),

Estas se pueden entegrar para obtener

o = _(M)xz _Ssic
y7’

2u'L
0o — PL C

oll = —(———pz - )x2 — _111" + CI
m L M

Las tres constantes de integracion se pueden determinar siguiendo No-slip B.C.

B.C. 2: atx =0, v,V
B.C. 3: atx =-b, v=0
B.C. 4: atx = +b, v=0

Cuando estas tres condiciones son aplicadas, conseguimos tres ecuaciones simultaneas
para las constantes de la integracion:

from B.C. 2: Cil=C_C1
from B.C. 3: 0= (p” _,p’)b Spra
2p°L M
) _ Po — PL C;

De estas tres ecuaciones conseguimos

_(po — pb (' — pu
2L ;J.—I—;_L

(po — pIb?
ClL = +-Fo IPL ( )—C
2L mt + !

C1=




Los resultados del flujo de momentun y perfil de velocidad son

A [ GREE1C=r]
o= POl (20 ) (e i) (]
o = Ce POV (2" ) (e e)(z) - ()]

Si ambas viscosidades son iguales, después de la distribucién de la velocidad es parabdlica
La velocidad media en cada capa puede ser obtenida y resultaria
Vi | 1
o) —pob” (7p' + p"
V) U dx = I I it
b 12p. L ot
12[.LHL I-LI + [.LH

b
(ol = 1 f v?dx=(
bJy

Las distribuciones de la velocidad dadas arriba, se podria obtener la velocidad maxima, la
velocidad en la interfase, el plano cero del estrés cortante, y la friccién en las paredes.

Anteriormente se han solucionado problemas de flujos viscosos. Se han tratado solo
componentes rectilineos con un componente de velocidad. El flujo alrededor de una esfera
aplica dos componentes nonvanishing de la velocidad, v, y v no se puede explicar
convenientemente por las técnicas explicadas al principio de este capitulo. Una breve discusién
del flujo alrededor de una esfera se determina aqui debido a la importancia del flujo alrededor
de objetos. En el capitulo 4 se demuestra cémo obtener las distribuciones de la velocidad y de
presidn. Aqui se muestra los resultados y como pueden ser utilizados para ciertas derivaciones
posteriormente. Aqui como en el capitulo 4, se trabaja con el arrastre del flujo. (este en un flujo
lento)

Consideramos aqui el flujo de un liquido incompresible sobre una esfera sélida del radio Ry del

diametro D segun las indicaciones de fig. 2.6-1. El liquido, con |la densidad p y la viscosidad I
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2.6 CREEPING FLOW AROUND A SPHERE

The problem treated here is concerned with "creeping flow" that is, very slow flow. This type of

flow is also referred to as "Stokes flow." We consider here the flow of an incompressible fluid
about a solid sphere of radius R and diameter D as shown in Fig. 2.6-1. The fluid, with density p
and viscosity p, approaches the fixed sphere vertically upward in the z direction with a uniform
velocity V... For this problem, "creeping flow" means that the Reynolds number Re = Dv..p/y, is
less than about 0.1. This flow regime is characterized by the absence of eddy formation

downstream from the sphere.
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The velocity and pressure distributions for this creeping flow are:

3
% (%) ] cos 6 (2.6-1)

_ 3(RY, 1(RY]| ..
ve—vw[—l+z(7>+z<7>]sm0 (2.6-2)

=0 (2.6-3)

3 W0s (R
P=pro—pgz—3 “R <§> cos 6 (2.6-4)

e Inthe last equation the quantity Py is the pressure in the plane z = 0 far away from the
sphere.

e The term -pgzis the hydrostatic pressure resulting from the weight of the fluid, and the
term containing v is the contribution of the fluid motion.

e Equations 2.6-1, 2, and 3 show that the fluid velocity is zero at the surface of the sphere.

e Furthermore, in the limit as r = oo, the fluid velocity is in the z direction with uniform
magnitude v; this follows from the fact that v, = v, cos © - Vg sin ©, and v, = v,= 0.



The components of the stress tensor -r in spherical coordinates may be obtained from the

velocity distribution above by using Table B.1. They are

3I-Lveo 2 4
Ty = —2Tgp = =274 = R I:*(%) + (%):I (2.6-5)

3 MU R\* .
Tg = Tor — ‘2— ” (7) sin 6 (26-6)

and all other components are zero. Note that the normal stresses for this flow are nonzero,

exceptatr=R.



Integration of the Normal Force

At each point on the surface of the sphere the fluid exerts a force per unit area -(p +
Tr)/r=r ON the solid, acting normal to the surface. Since the fluid is in the region of greater r and
the sphere in the region of lesser r, we have to affix a minus sign in accordance with the sign
convention established in 61.2. The z-component of the force is -(p + T)/r=r(c0SB). We now
multiply this by a differential element of surface R? sin©dBdd to get the force on the surface
element (see Fig. A.8-2). Then we integrate over the surface of the sphere to get the resultant

normal force in the z direction:

F™ = f f | (=(p + 71,)|,- cos O)R? sin 0 46 d¢ (2.6-7)
0 Jo

According to Eq. 2.6-5, the normal stress 1., is zero® at r = R and can be omitted in the integral in

Eq. 2.6-7. The pressure distribution at the surface of the sphere is, according to Eq. 2.6-4,

p|,=R = po — pgR cos 6 — % R cos 6 (2.6-8)

When this is substituted into Eq. 2.6-7 and the integration performed, the term containing po
gives zero, the term containing the gravitational acceleration g gives the buoyant force, and the

term containing the approach velocity v.. gives the "form drag" as shown below:

F" = 47R3pg + 2muRo,, (2.6-9)



The buoyant force is the mass of displaced fluid (4/3 mR?p) times the gravitational acceleration

(8).

Integration of the Tangential Force

At each point on the solid surface there is also a shear stress acting tangentially. The
force per unit area exerted in the -8 direction by the fluid (region of greater r) on the solid
(region of lesser r) is +T;6/=rE. The z-component of this force per unit area is (T,6/,=r)sin6. We
now multiply this by the surface element R sin@dBdd and integrate over the entire spherical

surface. This gives the resultant force in the z direction:

27 (7
F® = f f (7,0l sin O)R? sin 8 d6 dp (2.6-10)
0 0

The shear stress distribution on the sphere surface, from Eq. 2.6-6, is

MUc,
R

N

sin 6 (2.6-11)

Tr()‘r=R =

Substitution of this expression into the integral in Eq. 2.6-10 gives the "friction drag"

F" = 47uRo, (2.6-12)

Hence the total force F of the fluid on the sphere is given by the sum of Egs. 2.6-9 and 2.6-12:

F =37R%pg + 27wuRv., + 4mpRo, (2.6-13)
buoyant form friction
force drag drag

or



F =F, + F, = 57Rpg + 6muRo.,, (2.6-14)
buoyant kinetic
force force

e The first term is the buoyant force, which would be present in a fluid at rest; it is the
mass of the displaced fluid multiplied by the gravitational acceleration.

e The second term, the kinetic force, results from the motion of the fluid.

e The relation Fy = 6muRV. (2.6-15) is known as Stoke’s law.

e ltis used in describing the motion of colloidal particles under an electric field, in the
theory of sedimentation, and in the study of the motion of aerosol particles.

e Stokes' law is useful only up to a Reynolds number Re = Dv..p/u of about 0.1.

e AtRe =1, Stokes' law predicts a force that is about 10%.too low.

Example
Derive a relation that enables one to get the viscosity of a fluid by measuring the

terminal velocity v; of a small sphere of radius R in the fluid.

If a small sphere is allowed to fall from rest in a viscous fluid, it will accelerate until it

reaches a constant velocity the terminal velocity.

e When this steady-state condition has been reached the sum of all the forces acting on
the sphere must be zero.

e The force of gravity on the solid acts in the direction of fall, and the buoyant and kinetic

forces act in the opposite direction:
4 _p3 _4_p3 .
3TR°p;g = 3mR°pg + 6muRv,

e Here ps and p are the densities of the solid sphere and the fluid. Solving this equation

for the terminal velocity gives
_ 2p2 _
p = sRp, — p)g/v,

e This result may be used only if the Reynolds number is less than about 0.1.
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