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Chapter 5: FLOW ANALYSIS USING CONTROL VOLUME (Munson)

5.1 Conservation of mass - The continuity equation
5.1.1 Derivation of the continuity equation

A system is defined as a collection of unchanging contents, so the conservation of

mass principle for a system is simply stated as

time rate of change of the system mass =0

DM,
Yoo 0 (5.1)

or

where the system mass, Msys, is more generally expressed as

Ms oo e dv
¥e Lys (5.2)



and the integration is over the volume of the system. In words, Eq. states that the
system mass is equal to the sum of all the density-volume element products for the contents

of the system.
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When a flow is steady, all field properties including density remain constant with

time and the time rate of change of the mass of the contents of the control volume is zero.

ad
21 pd¥ =0
ot L”

The integrand, ¥ * @ dd.in the mass flow rate integral represents the product of the

component of velocity, V, perpendicular to the small portion of control surface and the
differential area, dA. Thus, V*#dd.js the volume flow rate through dA and Y - fdA g

the mass flow rate through dA. Furthermore, the sign of the dot product Voo g« for

flow out of the control volume and “-“for flow into the control volume. When all of the

differential quantities pV - R da, are summed over the entire control surface the result is

the net mass flow rate through the control surface

[ oV - RdA = D, Mgn > i, (5.4)
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Where ™ is the mass flow rate.



The control volume expression for conservation of mass, continuity equation, for a
fixed, nondeforming control volume is obtained by combining Egs. 5.1, 5.2, and 5.3 to

obtain
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An often used expression for mass flow rate through a section of control surface

having area A is

m = pQ = pAV ! (5.6)

For incompressible flows, density is uniformly distributed over area A. For compressible
flows, we will normally consider a uniformly distributed fluid density at each section of

flow and allow density changes to occur only from section to section.

If the velocity is considered uniformly distributed over the section area, A, then

IpV-ildA
A

Ve A =y :
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5.1.2 Fixed, Nondeforming Control Volume

When the flow is steady, the time rate of change of the mass of the contents of the

control volume

is zero and the net amount of mass flow rate through the control surface is therefore also

ZEero.

zlhoul - Eniin = () (5‘9)



If the steady flow is also incompressible,

2 Q= 200 =0 (5.10)
When the flow is uniformly distributed over the opening in the control surface,
m = pAV
For steady flow involving only one stream of a specific fluid flowing through the control

volume,

- == 5.12
m = p AV, = paiaVa ( )

For steady flow involving more than one stream of a specific fluid or more than one

specific fluid flowing through the control volume,
2 fll;n o E ’hom

5.1.3 Moving, Nondeforming Control Volume

It is sometimes necessary to use a nondeforming control volume attached to a
moving reference frame. The relative velocity, W, is the fluid velocity seen by an observer
moving with the control volume. The control volume velocity, Vcy, is the velocity of the
control volume as seen from a fixed coordinate system. The absolute velocity, V, is the

fluid velocity seen by a stationary observer in a fixed coordinate system.

V:W + VCV ’ (5.14)

For a system and a moving, nondeforming control volume that is coincident at an instant of

time, the Reynolds transport theorem leads to
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From Egs. 5.1 and 5.15, we can get the control volume expression for conservation of mass

(the continuity equation)

i
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5.1.4 Deforming Control Volume

A deforming control volume involves changing volume size and control surface
movement. Thus, the Reynolds transport theorem for a moving control volume can be used
for this case, and Eqgs. 4.23 and 5.1 lead to

[ d¥ + [ W-fidd=0 | (5.17)
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The time rate of change term in Eq. 5.17,

d
— d¥
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is usually nonzero and must be carefully evaluated because the extent of the control volume

varies with time. The mass flow rate term in Eg. 5.17,

oW dA

(1

must be determine with W-relative velocity. Since the control volume is deforming, the
control surface velocity is not necessarily uniform and identical to the Vcs. For the

deforming control volume,

V= W+Vc5



where Vs is the velocity of the control surface as seen by a fixed observer.

5.2 Newton’s Second Law — The Linear Momentum and Moment-of-Momentum
Equations

5.2.1 Derivation of the Linear Momentum Equation

Newton’s second law of motion deals with system momentum and forces.
time rate of change of the = sum of external forces

linear momentum of the system acting of the system

Momentum is the product of mass times velocity, and for a small particle of mass

Newton’s law becomes
D ., . .
E ] sys v pd¥ = E ¥ 5ys

Any system that follows the previous statement is called inertial. In case that a control
volume coincides with a system at an instant of time, the forces acting on the system equal
the forces acting on the contents of the coincident control volume (see Fig. 5.2),

ZF Sys = ZF contents of the coincident control volume
For a system and the contents of a coincident control volume that is fixed and

nondeforming, the Reynolds transport theorem allows us to conclude that

ol

D [ _ o,
— J 1'r',rJ ad¥ =—
Dt |

ot

Vpd¥ + J VeV - iidA

Jov

1,
¥y 4 Coincident

control volume

¥y \/ § "-»-.‘_\I‘
| -t
\ A ;
l /\ A " .
S v, B FIGURE 5.2 [External forces acting on system and
Systam” !

coincident control volume.

An appropriate mathematical statement of Newton’s second law of motion for a control

volume that is fixed and nondeforming is the linear momentum equation.
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The forces involved in the previous equation are body and surface forces that act on what is

contained in the control volume.

5.2.2 Application of the Linear Momentum Equation

%+ The linear momentum equation for an inertial control volume is a vector equation:

a [ [,
'_I J Vpd¥ + J VpV -ndA = 2 Fcontents o the
oV

d cs control volume

¢ The linear momentum problems that involved stationary and non deforming control
volumes which are thus inertial because there is no acceleration. A non deforming
control volume translating in a straight line at constant speed is also inertial because

there is no acceleration.

>

% For a system and an inertial, moving, non deforming control volume that are both

coincident at an instant of time, the Reynolds transport theorem leads to:

dft

D [ a [ [
_J Vo d¥ = ‘_J Vpd¥ + J VoW - i dA

< When we combine :
D[ _ a [ [
—J \-pmz:,—J \"p(f¥+J VoW - i dA
Dr sVS (4

o s

With equations:

We get:
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When the equation relating absolute, relative, and control volume velocities is used

with the last equation, the result is:
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% For a constant control volume velocity. V., and steady flow in the control volume

reference frame,
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Also, for this inertial, non deforming control volume:
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» Finally we conclude that the linear momentum equation for an inertial, moving, non

deforming control volume that involves steady flow is:

ontents of the

| WoW - irdd = Y F,
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5.2.3 Derivation of the Moment-of-Momentum Equation?

When torques are important, the moment of momentum equation is often more
convenient to use than the linear momentum equation. By forming the moment of the
linear momentum and the resultant force of each particle in the fluid with respect to a point

in an inertial coordinate system, a moment-of-momentum equation is developed.
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5.3 First Law of Thermodynamics — The Energy Equation
5.3.1 Derivation of the Energy Equation

The first law of thermodynamics for a system is, in words

time rate of net time rate of net time of
increase of the = energy addition bye  + energy addition by
total stored energy heat transfer into work transfer into
of the system the system the system

In symbolic form, this statement is

E Joys UI” (‘H{F = [\Q:'I:l + 1.1':1:1}3‘-'\
The total energy per unit mass for each particle in the system, e, is related to the internal
energy per unit mass, Kinetic energy per unit mass, and the potential energy per unit mass,
by the equation

V2
e=1i+—+g

The net rate of heat transfer into the system is denoted with Qn'—‘“", and the net rate of

work transfer into the system is labeled Wt i, Heat transfer and work transfer are (+) going
into the system and (-) coming out. For the control volume that is coincident with the
system at an instant of time

(anl + Hlfnctjs:.-ﬁ = (anl + II"11";|'|:“L:lln_'cwuin-:id:~nl

in in in in  control volume
Furthermore, for the system and the contents of the coincident control volume that is fixed

and nondeforming, the Reynolds transport theorem allows us to conclude that

D[ 5 . o
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Combining the previous equations we get the control volume formula for the first law of

thermodynamics:
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For the control volume of Fig. 5.6, the fluid particle velocity is zero everywhere on the
wetted inside surface of the pipe. Thus, no tangential stress work is transferred across that
portion of the control surface. Furthermore, where fluid crosses the control surface, the
tangential stress force is perpendicular to the velocity and therefore tangential stress work
transfer is also zero there.

Taking into account the equation for total stored energy we can obtain a more general

expression for the energy equation:
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5.3.2 Application of the Energy Equation

Energy equation:

af dv+f( P ——
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The term :—t fw ep dV in the energy equation represent the time rate of change of the total

stored energy, e, of the control volume. When the flow is steady and in the mean when the
flow is steady in the mean (cyclical) this term is zero. The equation energy equation is

reduced to:

p V?
f (u+;+7+gz)pV-ndA
[y

In the reduced energy equation the integrand can be nonzero only where fluid crosses the
control surface (V-n # 0). Otherwise, V -n is zero and the integrand is zero for that

portion of the control surface.



The flow in any fluid machine that involves shaft work is unsteady within that machine.
Most often, shaft work is associated with flow that is unsteady in a recurring or cyclical
way. For flow that is one-dimensional, cyclical and involves only one stream of fluid
entering and leaving the control volume, the energy equation can be simplified using the

following equations:
® 3 Moy-YMip=0

V2
J fcs(u+%+7+gz)pV-ndA=
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u+—+7+gz Moy — u+—+7+gz m,
p out p in
And we obtain the one-dimensional energy equation for steady in the mean flow:

VZ _ V'Z
m [uout — Uy + <E> - (E) + ot i + g(zout - Zin)] = Q"'E‘t - Wshaft
in

P out P/ in 2 net in

e This equation is valid for incompressible and compressible flows.

e Enthalpy, h , is a fluid property is defined as: h = u + %

We can use de enthalpy definition to rewrite the one-dimensional energy equation for

steady in the mean flow as:

Vozut - V2
in
+ 9Zoue — zn) | = anft — Wshaft
in

2 net in

m hout - hin +

This equation is often used for solving compressible flow problems.

5.3.3 Comparison of the Energy Equation with the Bernoulli Equation

The shaft power, Wy, is zero if the flow is steady throughout the control volume. If in

addition to being steady, the flow in incompressible, we obtain:
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Vi, -V,
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Dividing the above equation by the mass flow rate;m, and rearranging terms we obtain:
Vir

p.
+ 9Zout = %‘" ;+ 9Zin — (uout — Uin — Gnet in)

Pout n Vozut

2 2

Where

®  Quetin = Q’fn—t”‘ = the heat transfer rate per mass flowrate, or heat transfer per unit

mass.

If the steady, incompressible flow we are considering also involves negligible viscous

effects, then the Bernoulli equation;
1
p+ EpVZ + vz = constant along streamline

describe what happens between two sections in the flow as:

PVout p Vnzl
2

+ YZin

Where y = pg is the specific gravity of the fluid. Now we want the above ecuation in terms

of energy per unit mass:

Poue  Vour Di Vi
L;l C; +yzout =j"+%+yzm

In addition, we can conclude that (u,,; — Ui, — Gner in) 1S the loss of useful energy that

occurs in an incompressible fluid because of friction.

VZ . V.Z
Dout + ozut +VYZour = pjn + % + Y2, — loss

Important problems involves one-dimensional, incompressible, steady in the mean flow
with friction and shaft work. For this kind of flow the one-dimensional energy equation for

steady in the mean flow becomes:



Dout _ p;n + Vozut - Vnz1
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in

net in

Dividing the previous equation by mass flow rate and using the work per unit

mass, Wshaft = Wshafe /m, we obtain:

net in net in
2 2
Pout Vout Pin in
+ 2 + 9Zous =_+7+gzin + Wshaft _(uout — Uin — Qnet in)
p net in

If the flow is steady we can rewrite the above equation as:

2 2
Pout Vout _ Din Vz_n

2

+ 9zy, + Wshase — loss
net in

This is a form of energy equation for steady in the mean flow that is often used for

incompressible problems.

When the shaft work is into the control volume a larger amount of loss will result in more
shaft work being required for the same rise in available energy. If the shaft work is out of
the control volume a larger loss will result in less shaft work out for the same drop in

available energy.

Now the previous equation is multiplied by fluid density we obtain:

PV PV
Pour + % tVYZour = Din T % tYZy + PWshaft — p(lOSS)
net in

If we divide by the acceleration of gravity instead of multiply by density we obtain:

Poue | Vo, Pin | Vir
"T“t+ z"g + Zoue =$+£+zm + hy—hy

Where hs — Wshaf;net in — Wsharfntgnet in — Wsha{/thet in — shaft head

loss

and h, = -5 = head loss

The turbine head is written as:

hy = —(hs + hy)r



When a pump is in the control volume:
hP = (hs - hL)P
5.4 Second Law of Thermodynamics- Irreversible Flow

The second law of thermodynamics affords us with a means to formalize the inequality

|'g_. Iy iy = (l
n

for steady, incompressible, one-dimensional flow with friction.
5.4.1 Semi-infinitesimal Control Volume Statement of the Energy Equation

If we apply the one-dimensional, steady flow energy equation to the contents of a control
volume that is infinitesimally thin as illustrated in Fig 5.8, the result is

N P A i WA B
wi| i + r.I'||lI.“| + r.I'|Il S |te [dz) | = &0,

For all pure substances including common engineering working fluids, such as air, water,

oil, and gasoline, the following relationship is valid
: . [ 1
Tdy = da + ""“lll.__r.l.j}
where T is the absolute temperature and s is the entropy per unit mass.

Combining

I'.Ill I|"l|'.l"'| I|"|."I."| .
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or, dividing through by i 4nd letting &, = F.u:;-'._..-'r.;l-
dp I .l"I-"':I + o d T .
. rJ|IR 2 gz = —(Tds ﬂu;::.:]
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5.4.2 Semi-infinitesimal Control VVolume Statement of the Second Law of

Thermodynamics

A general statement of the second law of thermodynamics is

D . (ﬁﬁ':;"]
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If the right-hand side of the above statement is identical for the system and control volume

at the instant when system and control volume are coincident;

s (2%) - x(%)

NN 5 BY
Using the Reynolds transport theorem

D1 ypav =2 [ spav + [ spv-nan
I Jﬁ- ipe ar | ipe '. iy Erl
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For a fixed, nondeforming control volume, above three equations are combined to give

HL:-IHI
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At any instant for steady flow

p -:H-" =1

it |,
If the flow consists of only one stream through the control volume and if the properties are
uniformly distributed (one-dimensional flow),
EL:'Illul
B, — E,) = E -

T

For the infinitesimally thin control volume of Fig. 5.8,

&()
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T
If all of the fluid in the infinitesimally thin control volume is considered as being at a uni-
form temperature, T, then
Tas = by,
1
5.4.3 Combination of the Equations of the First and Second Laws of

Thermodynamics

This equation represents the extent of loss of useful or available energy which occurs

because of irreversible flow phenomena including viscous effects.

- 1
— 2 1II|—'.;'rI'.' = 0}
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The equality is for any steady, reversible (frictionless) flow and the inequality is for all

steady, irreversible (friction) flows. Thus the equation can be expressed as,

T
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The irreversible flow loss is zero for a frictionless flow and greater than zero for a flow
with frictional effects. For steady frictionless flow, Newton’s second law of motion and the
first and second laws of thermodynamics lead to the same differential equation,

lpr

.'l.'."l
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If some shaft work is involved,

i i V- . 2
i :}*m = Alloss) = B

5.4.4 Application of the Loss Form of the Energy Equation

Steady flow along a path line in an incompressible and frictionless flow field provides a

simple application of the loss form of the energy equation;

P, V3 o Vi
i T3 _R-'_II:I T Ty + 8%

which is identical to the Bernoulli equation. If the frictionless and steady path line flow of
the > dp Vi y fluid particle considered above was
- - J-:- o -

i - ] - <1 compressible,
gl - =

Relating fluid density, p, and pressure p,

(i
= LA
P

here k= cp/ cv is the ratio of gas specific heats, cp and cv, which are properties of the fluid.

Substituting we get,

* dp E fpmoop ‘:I
poook—1h\m
Using both above integrates we get,



